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Abstract In quintessence scalar field theories, the presence
of scaling solutions are important during the radiation and
matter epoch due to having their attractor character. Usually,
it is assumed that the initial conditions of the quintessence
field are in the basin of attraction of the scaling solutions.
However, in order to reproduce the current cosmic accelera-
tion, at late times, a mechanism to exit this behavior is needed.
In the present work we show that the quintessential inflation
models could be an excellent candidate to exhibit the above
behavior. However, the crucial point of quintessential infla-
tion is that the initial conditions has to be taken during the
inflation, and at the beginning of the radiation era, the scalar
field does not belong to the basin of attraction of the scaling
solution. This means that, in the case where quintessence is
depicted via exponential potentials, only a single exponential
in the tail of the quintessential inflation potential is enough
to depict the evolution of our universe.
1 Introduction
In standard inflation [1,2], after the decay of the inflaton field,
and subsequent beginning of the radiation dominated epoch,
considering a quintessence scalar field [3] whose potential is
exponential, V (ϕ) = V0e−γ ϕ/Mpl , with γ > 2, there exists a
solution whose energy density scales as the one of radiation
[4]. Such solution is termed as the scaling solution. In fact, for
a more general class of exponential potentials of the form,
V (ϕ) = V0e−γ ϕn/M
n
pl , there exists an approximate scaling
solution [5].
Due to the attractor behavior of this solution, at the
beginning of the radiation era, the initial conditions of the
quintessence field belonging to the basin of attraction of this
scaling solution could be used to deal with the so called coin-
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cidence of scales. Obviously, in order to reproduce the late
time acceleration of the universe, the quintessence field has
to leave the scaling behavior, which could be done in sev-
eral ways. Taking into account that, for 0 < γ <
√
2,
during the matter domination era there exists a tracker
solution [4,6,7] leading to an accelerating late time uni-
verse, one could consider a double exponential potential
V (ϕ) = Vre−γrϕ/Mpl + Vme−γmϕ/Mpl , with γr > 2 and
0 < γm <
√
2. The first exponential function of this double
exponential potential dominates during the radiation dom-
inated era and the second exponential potential dominates
during the matter dominated era [8], and gives an effective
γ (ϕ) varying smoothly between two desired values. Alterna-
tively, one could introduce a non-minimal coupling between
the quintessence field and massive neutrinos, whose effect is
to modify the potential in the matter domination era [5,9].
On the contrary, in quintessential inflation [10–21], there
is only one scalar field driving the evolution of the universe
by depicting both the early- and late- acceleration of the uni-
verse. Due to the attractor behavior of inflation the initial
condition of the scalar field has to be taken belonging to
the basin of attraction of the slow roll solution. Then, using a
quintessential inflation model based in an exponential SUSY
inflation model [22] matched with an exponential potential
with γ > 2, which acts as a quintessential tail (although our
reasoning does not depend on the inflationary piece of the
potential), we show that at the beginning of the radiation era
the scalar field is not in the basin of attraction of the scaling
solution. In fact, the value of the ratio of the energy den-
sity of the scalar field to the critical energy, namely ϕ , is
very low and satisfies the bounds imposed at the Big Bang
Nucleosynthesis (BBN) and at the recombination [5]. As a
consequence, in quintessential inflation a mechanism to exit
the scaling behavior is not needed. The only thing that is
needed is an inflationary potential leading to a spectral index
(ns) and the ratio of tensor-to-scalar perturbations (r ) enter-
ing into the two dimensional marginalized joint confidence
contour at 2σ confidence-level (CL) provided by Planck data
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(for example, for the Planck 2018 TT, TE, EE + low E+
lensing + BK14 + BAO likelihood [23,24]), matched with a
quintessence tail, whose potential, in order to have a kina-
tion regime after inflation [25], should be small compared to
the kinetic energy density of the field at the end of inflation.
Additionally, at late times, the scalar field potential has to be
dominant with respect to the energy density of the matter, for
example for the exponential potential, V (ϕ) = V0e−γ ϕ/Mpl ,
with 0 < γ <
√
2 and V0  M4pl .
The paper is organized as follows. In Sect. 2, we consider
a universe filled with a barotropic fluid and a scalar field with
an exponential potential, and we find the scaling and tracker
solutions. Section 3 is devoted to the study of a model of
quintessential inflation potential whose quintessential tail is
an exponential one with γ > 2, showing analytically and
numerically that at the beginning of radiation, the scalar field
does not belong to the basin of attraction of the scaling solu-
tion. In Sect. 4, we propose a viable model based on the
matching of an exponential SUSY inflationary model and an
exponential potential with 0 < γ <
√
2. Finally, in Sect. 5,
we present the conclusions of our work.
The units used throughout the paper are, h̄ = c = 1, and
we denote the reduced Planck’s mass by Mpl ≡ 1√8πG ∼=
2.44 × 1018 GeV.
2 Scaling and tracker solutions
Assuming, as usual, the flat Friedmann-Lemaître-Robertson-
Walker (FLRW) geometry of our universe, in this Section we
consider an exponential potential, V (ϕ) = V0e−γ ϕ/Mpl , and
a barotropic fluid with Equation of State (EoS) parameter
w = 1/3, i.e., a radiation fluid, whose energy density we
denote by ρr . Then, the dynamical system is given by the
equations{
ϕ̈ + 3H ϕ̇ + Vϕ = 0
ρ̇r + 4Hρr = 0, (1)
where H = 1√
3Mpl
√
ρϕ + ρr , is the Hubble rate of the FLRW
universe with ρϕ = ϕ̇22 + V (ϕ), being the energy density of
the scalar field.
The scaling solution, is a solution with the property that the
energy density of the scalar field scales as the one of radiation,
meaning that the Hubble parameter evolves as, H(t) = 12t .












whereC and t̄ are constants. The equation, ρ̇r +4Hρr = 0, is
satisfied for any value ofC2 and the equation ϕ̈+3H ϕ̇+Vϕ =

















shows that the scaling solution only exists for γ > 2. Then,

















, r = 1 − 4
γ 2
. (5)
An alternative approach to get this solution goes as follows
















2 + 32 x̃
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2 γ x̃ ỹ + 32 ỹ
[
(1 − w)x̃2 + (1 + w)(1 − ỹ2)
] ,
(7)
where w is the Equation of State (EoS) parameter, which in
our case is equal to 1/3, together with the constraint
x̃2 + ỹ2 + r = 1. (8)
One can see that, for w = 1/3, the dynamical system (7)












, whose energy density scales as radiation and ϕ = 4γ 2 .
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2.1 The tracker solution
A tracker solution [6,26], is an attractor solution of the field
equation which describes the dark energy domination at late
time. In fact, for an exponential potential, it is the solution of
ϕ̈ + 3H ϕ̇ + Vϕ = 0, when the universe is filled by the scalar
field only. Once again, we look for a solution of the type













(6 − γ 2), (12)
which means that, 0 < γ <
√











Moreover, for this equation, it is not difficult to show that
the corresponding effective EoS parameter is given by




which demonstrates that to realize the late time acceleration
of the universe, we need to restrict γ as 0 < γ <
√
2.
Note also that the system (7) when w = 0 (in the





1 − γ 2/6
)
, which of course, corresponds to the
solution (13).
3 A quintessential inflation model
In this Section we consider an Exponential SUSY Inflation-
type potential (see [27] and references therein) matched with











for ϕ ≤ 0
λM4e−γ ϕ/Mpl for ϕ ≥ 0,
(15)
For this model the spectral index and the ratio of tensor-
to-scalar perturbations, as a function of the number of e-folds
N , are given by
ns ∼= 1 − 2
N
, r ∼= 8
N 2
, (16)
which shows that for a number of e-folds greater than 60,
the ratio of tensor to scalar perturbations is less than 0.003.
Thus, the joint contour of (ns , r ) enters perfectly into the 1σ
CL for the Planck2018 TT, TE, EE + low E+ lensing + BK14
+ BAO likelihood.
Now, in order to calculate the value of the parameter λ,
we use that for this model the power spectrum of scalar per-
turbations is given by
Pζ ∼= λ
12π2
e−2ϕ∗/Mpl ∼ 2 × 10−9.
Then, using eϕ∗/Mpl ∼= 1−ns2 , and taking the central value
of the spectral index ns ∼= 0.96 [23], one gets
λ ∼= 6π2(1 − ns)2 × 10−9 ∼= 6 × 10−11. (17)





Mpl . Thus, the energy density at the end of inflation is
ρϕ,end ∼= V (ϕen) = λ
1 + √2 M
4
pl
∼= 2.5 × 10−11M4pl . (18)
Therefore, assuming there is no drop of energy between
the end of inflation and the beginning of kination, one has
Hkin ∼= 2.9 × 10−6Mpl ϕ̇kin ∼= 7 × 10−6M2pl . (19)
Next, we want to calculate the value of the scalar field and
its derivative at the reheating time. To simplify our calculation
we assume that the reheating is due to instant preheating,
although our reasoning will be the same when the reheating
is via the gravitational production of superheavy particles
[28,29], which means that the created particles have to decay
in lighter ones before the end of the kination phase [30,31].
Analytical calculations could be done disregarding the
potential during kination. Then, since during kination one
has, a ∝ t1/3 ⇒ H = 13t , and consequently, using the
Friedmann equation, the evolution of the scalar field in this


































and using that at the reheating time, i.e., when the energy
density of the scalar field and the one of the relativistic plasma



















where we have used that, at the reheating time, the energy
density and the temperature are related via ρrh = π230 grhT 4rh ,
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where the number of degrees of freedom for the Standard
Model is grh = 106.75 [32]. In addition, to obtain ϕ̇rh , we






, and since Hrh = 13trh , we get






Since when the reheating is via instant preheating, the
reheating temperature is of the order of 109 GeV [20], and
one will have
ϕrh ∼= 23.6Mpl ϕ̇rh ∼= 1.45 × 10−18M2pl . (23)
On the other hand, at the beginning of the radiation era,















which for Trh ∼= 109 GeV, leads to
ϕsc,rh ∼= Mpl
γ
(9.2n + 36 + 2 ln γ )
ϕ̇sc,rh ∼= 3.2 × 10−18M2pl , (25)
where we have written M = 10nMpl , n being an integer.
Now, taking into account that the upper limit from BBN
suggests that the scaling solution has to satisfy ϕsc (T =
1 MeV) < 0.045 [33], hence, in order that the scaling solu-
tion satisfies this bound, and choosing for example γ = 10,
we have ϕsc,rh ∼= Mpl10 (9.2n + 40.6). Then, if one wants that
the real value of the scalar field was near to the value of the
scaling solution at the reheating time, the following relation
has to be accomplished
9.2n + 40.6 ∼= 236 ⇒ n ∼= 21, (26)
which is completely unacceptable, because this means M ∼=
1021Mpl and thus, it is impossible to have a kination regime
(M  Mpl ) at the end of inflation (In fact, for ϕrh ∼=
23.6Mpl , it is impossible to accomplish the kinetic regime
for any value of γ > 2, because one always obtains a positive
value of n, meaning that M  Mpl , which forbids a kination
regime.
This means that, at the beginning of the reheating the real
solution is completely different to the scaling one, and, as
we will see numerically, at the matter-radiation equality, both
solutions continue to be different, which means that the real
solution does not belong to the basin of attraction of the
scaling solution.
A key point to understand this fact is that during all the
radiation regime the kinetic energy of the scaling solution is
twice its potential energy, however, for the real solution, at
the beginning of reheating:
ϕ̇2rh
2  V (ϕrh), and this prop-
erty, as we will show numerically soon, is conserved during
all the radiation dominated phase. The conclusion is that, in
quintessential inflation the scaling regime is never reached
for the scalar filed. To show this analytically one has to take
into account that, during this period, to obtain the evolution
of the scalar field, due to the initial conditions at the begin-
ning of the radiation era, on could continue disregarding the
potential, obtaining








To calculate the value of the field and its derivative at
the matter-radiation equality, i.e., ϕeq and ϕ̇eq , we consider
the central values obtained in [34] (see the second column
in Table 4) of the redshift at the matter-radiation equal-
ity zeq = 3365, the present value of the ratio of the mat-
ter energy density to the critical one m,0 = 0.308, and
H0 = 67.81 Km/sec/Mpc = 5.94 × 10−61Mpl . Then,
the present value of the matter energy density is, ρm,0 =
3H20 M
2
plm,0 = 3.26 × 10−121M4pl , and at the matter-
radiation equality we have ρeq = 2ρm,0(1 + zeq)3 = 2.48 ×
10−110M4pl = 8.8 × 10−1eV4. Now, using the relation at the
matter-radiation equality ρeq = π215 geqT 4eq with geq = 3.36
(see [32]), we get Teq = 3.25 × 10−28Mpl = 7.81 × 10−10
GeV. Thus, one easily obtains:































Mpl ∼= 25.23Mpl . (28)





















∼= 2.3 × 10−19 eV2. (29)
From these results, we can see that taking γ = 10 and
M  Mpl (for example M = 10−8Mpl ) to have a kination




∼ 10−38 eV4, (30)
and since ρeq ∼= 8.8 × 10−1eV4 ∼ eV4, one gets that at
the matter-radiation equality one has ϕ,eq ∼ 10−38, which
is completely different form ϕsc,eq = 125 , showing once
again that the scalar field is not in the basin of attraction of
the scaling solution.
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3.1 Numerical simulations during radiation
To show numerically that at the beginning of radiation the
scalar field is not in the basin of attraction of the scaling
solution, first of all, we calculate the value of the redshift at
the beginning of the radiation epoch
























As we have already explained, we use instant preheating as
a mechanism of reheating leading to a reheating temperature
Trh = 109 GeV, and thus, zrh = −1 + 1.02 × 1022.
Moreover, at the beginning of radiation, the energy density




















∼= 1.15 × 1019 GeV4. (32)
Then, to obtain the dynamical equations after the beginning






“time” variable. Now, using the variable N , one can recast
the energy density of radiation and matter respectively as,
ρr (a) = ρr,rh
(arh
a





)3 ⇒ ρm(N ) = ρm,rhe3(Nrh−N ),
(34)
where Nrh is the value of the time N at the beginning of
radiation, and as we have already obtained, ρm,rh ∼= 1.15 ×
1019 GeV4 and ρr,rh ∼= 3.5 × 1037 GeV4.
Now, in order to obtain the dynamical system for this




, y = ϕ̇
KMpl
, (35)
where K is a parameter that we have to choose accurately in
order to facilitate the numerical calculations. Now, using the
variable N = − ln(1 + z), defined above and also using the
conservation equation ϕ̈ +3H ϕ̇ +Vϕ = 0, one can construct
the following non-autonomous dynamical system:{
x ′ = y
H̄
,




where the prime represents the derivative with respect to N ,






+ V̄ (x) + ρ̄r (N ) + ρ̄m(N ) , (37)
where we have introduced the following dimensionless




When we integrate from the beginning of radiation up to
the matter-radiation equality, i.e., from Nrh ∼= −50.57 to
Neq ∼= −8.121, we choose KMpl = 10−17GeV2, and thus,
we get
ρ̄r (N ) = 3.5 × 1071e4(Nrh−N ),
ρ̄m(N ) = 1.15 × 1053e3(Nrh−N ). (38)
We also choose M = 10−8Mpl , which returns
V̄ (x) ∼= 2 × 1065e−10x . (39)
The initial conditions for the field are xrh = 23.6 and
yrh = 8.4 × 1035. The evolution of various cosmologi-
cal parameters are graphically summarized in Fig. 1. More-
over, taking the same initial conditions as above, in Fig. 2,
we have shown the phase plane of the autonomous sys-
tem (36) from the beginning of the radiation era to the
matter-radiation equality. A remarkable conclusion from our
analsysi is that, at the matter-radiation equality time, i.e.,
Neq = −8.121, the energy density of the field has a value
ϕ(Neq) = 5.84×10−38 (which agrees with our theoretical
result) which is completely different from the value of 1/25,
showing that it has the scaling solution.
4 A viable model
As has been shown in Ref. [21] that for a viable model with
an exponential tail described in (15), the value of the model
parameter γ should belong to the interval (0,
√
2). It is impor-
tant to realize that a value of γ leading to a scaling solution
does not serve for nothing because the real scalar field never
enters the basin of attraction of the scaling solution. For this
reason a potential with a double exponential character is also
not necessary. What one needs is a tracker solution at late
times, and as we can see in this case, the real scalar field is
in the basin of attraction of this solution.
To obtain the dynamics we have to integrate the dynamical
system (36) starting at Neq = −8.121 with initial conditions
(see Eqs. (28) and (29)):




for the scalar field, and with
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Fig. 1 Left graph: The reduced densities ρ̄m (blue curve), ρ̄r (red
curve), and ρ̄ϕ (green curve) in log scale, from reheating to matter-
radiation equality have been shown. Right graph: The density parame-
ters m , r , ϕ (using the same color code), from reheating to matter-
radiation equality have been shown. Note that ϕ,eq << 125 , the value
that it takes in case of scaling solution
Neq










log ( y ( N ))
Nrh
Fig. 2 Numerical integration of the dynamical system (36) from the
beginning of radiation to the matter-radiation equality, with initial con-
dition at the beginning of reheating xrh = 23.6 and yrh = 8.4 × 1035








where in order to perform the numerical calculations we
choose KMpl = 10−4 eV2. Finally, in order to see the
dynamics of the energy density of the scalar field, it is useful
to calculate the energy density of the tracker solution (13) as
a function of the time N which takes the form
ρ̄tr (N ) = 3H̄20 e−γ
2N , (42)
and show numerically how both energy densities coincide at
late times.
4.1 Numerical simulations
The integration of the system has been performed for γ =
0.8. First of all, the value of the reduced mass M̄ that yields
the observed value of H̄0 = 3.53 × 10−2, has been found by
application of the shooting method to be M̄ = 9.48 × 10−4.
Next, the system (36) has been integrated from Neq =
−8.121 to future time N = 7 with a RK78 numerical integra-
Fig. 3 Reduced densities ρ̄m (blue curve), ρ̄r (red curve), ρ̄ϕ (green
curve), and ρtr (black curve) in log scale, from matter-radiation equality
to the future have been shown. One can clearly see that after a certain
value of N , ρ̄ϕ (green curve) coincides with the tracker solution ρ̄tr
(black curve)
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Fig. 4 Left panel: The density parameters m (blue curve), r (red
curve), ϕ (green curve), from matter-radiation equality to the future
have been depicted in the figure. Right panel: We show the qualitative
evolution of the effective EoS we f f , in the same time interval. One
can see that for N → ∞, (equivalently, a → ∞), the effective EoS
approaches towards a constant value equal to γ
2
3 − 1 ∼= −0.786
tor. The upper limit has been chosen to verify the convergence
of the solution to the tracker one. The results are graphically
illustrated in Figs. 3 and 4. In particular, in Fig. 3, we show
the reduced densities of various cosmic fluids considering a
wide range of the cosmic evolution, namely from the matter-
radiation equality to the far future where we notice that the
reduced energy density for the scalar field ρ̄ϕ converges to the
reduced energy density representing the tracker solution ρ̄tr .
On the other hand, in Fig. 4 we plot the density parameters
(left graph of Fig. 4) and the effective equation of state (right
graph of Fig. 4). From the right graph of Fig. 4, one can
clearly visualize the overall evolution of the effective EoS
that approaches towards a constant value in an asymptotic
manner.
5 Summary and concluding remarks
Scalar field models have uttermost importance in cosmic
dynamics. Aside from their ability to explain the early accel-
eration (inflation) of the universe, they are also able to trace
out the quintessence phase (late-time acceleration) of the
universe. As already known, in standard inflation, after the
decay of the inflation field and when the radiation phase just
begins, if we consider a quintessence scalar field, then for
an exponential potential of the quintessence filed, the scaling
solutions exist. The scaling solutions have attractor behavior,
however, to realize the present acceleration of the universe,
the quintessence field has to leave the scaling behavior, and
this can be done in several ways. For instance, a double expo-
nential potential could play this role. On the other hand, the
same features can be realized by introducing a non-minimal
coupling between the quintessence field and massive neutri-
nos.
While on the other hand, the quintessential inflationary
models are different from the usual scalar field models and
hence they are worth in this context. In the present work we
show that in the beginning of the radiation era, the scalar
field is not in the basin of attraction of the scaling solution.
Moreover, the value of ϕ becomes very low and this sat-
isfies the bounds of BBN and recombination. Therefore, in
quintessential inflation models we do not need any mech-
anism to exit the scaling behavior in contrary to the usual
quintessence scalar field models. To illustrate this we have
considered a viable quintessential inflationary model and
shown the existence of both scaling and tracker solutions.
For a better understanding we have graphically presented the
behaviour of the model (see Figs. 3 and 4). From Fig. 3,
it is clearly seen that ρ̄φ (green curve) coincides with ρ̄tr
(black curve) after a certain time and exhibits the current
cosmic acceleration which is depicted through the behaviour
of the effective EoS displayed in the right graph of Fig. 4.
In summary we conclude that the quintessential inflationary
potentials are really impressive based on their outcomes and
demands further investigations in light of the Planck’s final
likelihood release [23,35].
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